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Abstract
We study the Penrose limit of Type IIB duals of softly broken N = 1 SU(N) gauge theories in four
dimensions, obtained as deformations of the Maldacena-Nu`n˜ez and Klebanov-Strassler backgrounds.
We extract the string spectrum on the resulting pp-wave backgrounds and discuss some properties of
the conjectured dual gauge theory hadrons, the so called “Annulons”. The string zero-point energy
on the light-cone is nontrivial, due to the loss of linearly realized worldsheet supersymmetry, and
negative, even in the unbroken supersymmetric case. This causes the appearance of non-perturbative
corrections to the hadronic mass spectrum. We briefly discuss the thermodynamic behavior of these
string models, calculating the corresponding Hagedorn temperatures.
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1 Introduction
A lot of work has been done to extend and test the AdS/CFT correspondence [1], i.e. the
conjectured equivalence between Type II string theory on AdSd+1 × M9−d backgrounds and
conformal field theories in d dimensions. The extensions try to work out the equivalence in the
non-conformal (and non-supersymmetric) case (for reviews see [2]). The main checks of the
correspondence have been provided for the simplest case of d = 4, N = 4 SYM and Type IIB
string theory on AdS5×S5 with the RR five-form field strength turned on. No one knows how
to exactly solve IIB strings on this background, therefore the checks at our disposal have been
done exploring some particular simplifying limit of the original model. A first class of tests is
limited to the low energy regime of the string model, i.e. to its supergravity approximation.
A second class, instead, explores the correspondence at the stringy level, by considering IIB
strings on a Penrose limit [3] of the AdS5 × S5 background. This limit gives a maximally
supersymmetric pp-wave background [4] on which IIB string is exactly solvable [5]. In [6] this
fact was used to find a precise map between the string-on-pp-wave modes and a sector of gauge
invariant operators of the dual field theory. A perfect agreement was found, at least for a class
of operators, between the stringy predictions and the gauge theory results.
Some successful attempts to extend the latter results to other conformal gauge theories have
been done also in the non supersymmetric case [7, 8], finding sensible agreement between the
field theory and the stringy theoretical predictions. In the non-conformal case some results
have been obtained too, but the comparison between quantities on the two sides of the cor-
respondence is hard to perform, though the working philosophy is the same. One starts by
considering supergravity solutions dual to some non-conformal gauge theory, then implements
a Penrose limit which reduces the original background to some pp-wave solution on which,
hopefully, string theory can be solved. This general procedure was applied in [9] to the (IR
limit of the) Klebanov-Strassler (KS) [10] and the Maldacena-Nu`n˜ez (MN) [11] regular super-
gravity solutions, which are conjectured to be dual to N = 1 SU(N) Yang-Mills theory in four
dimensions coupled to massive fields in the adjoint representation. The IIB string spectrum on
the corresponding pp-wave backgrounds was obtained. From the gauge theory point of view,
the Penrose limit procedure means considering a gauge theory sector made of hadrons of fixed,
large mass in Minkowski space and carrying a large symmetry charge. The light-cone gauge
string Hamiltonian describes their 3d non-relativistic motion as well as their excitations.
In this paper we reexamine and extend the latter results to deformations of the MN and
KS backgrounds which are conjectured to be dual to the above SU(N) gauge theories after
supersymmetry breaking. A class of regular solutions of this kind was found in [12, 13] and
particular solutions corresponding to the inclusion of a supersymmetry breaking scalar operator
[14], or to a gluino mass term [15, 16] were identified. Here we will be concerned with the
softly broken regular solutions. After having pointed out the general philosophy underlying the
Penrose limit procedure, fixing some problems of the MN limit in [9], we examine the string
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spectrum on the resulting pp-wave backgrounds. Just as in the unbroken case these preserve 16
supercharges and so, as noted in [17], no supersymmetry is linearly realized on the worldsheet.
Thus the light-cone zero-point energy E0 is non trivial, and should be calculated with some
care, as pointed out in [18]. In the cases at hand we show that E0 is negative, even in the
unbroken case (and contrarily to what was claimed in [9]). This however does not correspond
to any (classical) instability as in the supergravity limit its value tends to a constant [18]. In the
opposite regime (and, again, also in the unbroken case), instead, its value tends to larger and
larger negative values. Being this regime related to the weak effective coupling regime of the
dual gauge theory sector, some consideration has to be done. The large negative contributions
to the string Hamiltonian could be read as non-perturbative gauge theory corrections to the
hadronic mass spectrum. These exist also in the unbroken supersymmetric case. After having
pointed out the finite temperature behavior of our string models, we sketch the field theory
part of the correspondence, concentrating our attention to the broken MN case (bMN in the
following) being the broken KS one (bKS) very similar to its unbroken partner examined in
detail in [9]. We are able to identify the hadrons dual to the zero mode part of the string
spectrum in the “universal sector”, the one determined by the symmetries of the supergravity
solution.
The paper is organized as follows. In Section 2 we review the general way in which the
Penrose limit of supergravity duals of gauge theories exhibiting confinement and mass gap is
performed. In Section 3 we discuss the limit on the bMN background; we find the string spec-
trum on the corresponding pp-wave solution and discuss the properties of the zero-point energy.
We also briefly examine the Hagedorn behavior of the corresponding finite temperature model,
and find the expression for the critical temperature. The same is done for the more compli-
cated bKS case in Section 4. In Section 5 we explore the field theory side of the correspondence,
trying to extract predictions for the hadronic spectrum mainly in the bMN case.
2 How to perform the Penrose limit
Let us consider the general form of the far IR (from the dual gauge theory point of view) limit
of the (b)MN and (b)KS backgrounds. In both cases the metrics can be formally rewritten as
ds2 = 2πα′ Tsdxµdx
µ +
2πα′ Ts
M2KK
ds26, (1)
where Ts is the string tension and MKK is the mass of the Kaluza-Klein modes in the field
theory. The supergravity equations of motion only set (M is the number of branes)
2πα′ Ts
M2KK
= gsα
′M. (2)
The value of
Ts =
σ
2πα′
(3)
2
is instead not fixed. In the KS case, for example, Ts =
ε2/3
gsMα′
, but the definition of ε is arbitrary:
the only condition it has to satisfy is that ε4/3 must have the dimensions of a length squared;
since the only dimensionfull parameter in the low energy IIB theory is α′, it is evident that
ε4/3 = c α′: however, nothing fixes the value of the number c. One could choose it as a pure
number, or as a multiple of gsM , and so on.
The Penrose limit we will take sends Ts to infinity keeping MKK fixed [9], and so the
arbitrary σ → ∞; at the same time the ratios of string tensions are fixed. The requirement
that in the limit the KK and glueball masses remain fixed is also easily satisfied. From (2) we
get
M2KK =
2πα′ Ts
gsα′M
=
σ
gsα′M
, (4)
which is fixed in the limit if we also take gsM →∞. This is the usual Penrose limit appearing
in all the cases considered in literature. No constraint or dangerous limit on α′ or gs has to be
taken.
3 The softly broken Maldacena-Nu`n˜ez model
In this Section we study the Penrose limit of the softly broken MN solution [12, 15] and the
string theory on the resulting background. The broken solution is in the same general form as
the original MN one
ds2str = e
Φ
[
dxµdx
µ + α′N [dρ2 + e2g(ρ)(dθ21 + sin
2 θ1dφ
2
1) +
1
4
∑
a
(wa − Aa)2]
]
, (5)
G3 = ie
ΦF3 = ie
Φα′N
[
−1
4
(w1 − A1) ∧ (w2 − A2) ∧ (w3 −A3) + 1
4
∑
a
F a ∧ (wa − Aa)
]
(6)
with a ρ-dependent dilaton whose value at the origin is a continuum parameter Φ0 and gauge
field A given by
A =
1
2
[
σ1a(ρ)dθ1 + σ
2a(ρ) sin θ1dφ1 + σ
3 cos θ1dφ1
]
. (7)
The one-forms wa are defined by
i
2
waσa = dgg−1, g = e
iψσ3
2 e
iθ2σ
1
2 e
iφ2σ
3
2 ,
w1 + iw2 = e−iψ(dθ2 + i sin θ2dφ2) , w
3 = dψ + cos θ2dφ2. (8)
The full explicit form of the functions g(ρ), Φ(ρ), a(ρ) is known only in the supersymmetric
MN case. Otherwise, by simply looking at the supergravity equations of motion we can deduce
their asymptotic behaviour. We are going to study a Penrose limit of the softly-broken MN
solution in the near-IR region, so we are concerned only with the ρ → 0 behaviour of the
3
functions above. The asymptotics are [12]
a(ρ) = 1− bρ2 + ...,
eg(ρ) = ρ− (b
2
4
+
1
9
)ρ3 + ..., (9)
Φ(ρ) = Φ0 + (
b2
4
+
1
3
)ρ2 + ...,
where b ∈ (0, 2/3]. The range of allowed values for b is imposed by requiring regularity of the
supergravity solution and its linking with suitable UV asymptotics [12]. The value b = 2/3
corresponds to the supersymmetric MN solution. The other values correspond to a non zero
gaugino mass term in the dual filed theory, the function a(ρ) being the supergravity dual of the
gaugino bilinear [19]. The corresponding theory is then a non supersymmetric YM coupled to
massive modes, among which there is the gaugino, in the adjoint of SU(N).
Let us now shift the flat coordinates as eΦ0/2L−1xµ → xµ where L is an arbitrary constant.
In this way the tension for the confining strings of the dual gauge theory reads Ts = L
2/(2πα′),
while the glueball and KK masses1 are given by M2KK ≈ M2gl ≈ L2/(eΦ0Nα′). Following [9],
we will take a Penrose limit of the IR of the supergravity background above, by enforcing the
conditions
L2 ≈ eΦ0N →∞ (10)
which sends the string tension to infinity while keeping MKK ,Mgl fixed.
To explore the IR of the above background it is convenient to perform a gauge transformation
on A such that it actually goes to zero when ρ→ 0. This can be done since A, also in the softly
broken case, is a pure gauge in the extreme IR [11, 15]. We use the gauge transformation [20]
A→ h−1Ah+ ih−1dh with h = eiσ1θ1/2eiσ3φ1/2. The resulting field has the following expression
in the ρ→ 0 approximation
A =
(
− b
2
ρ2 +O(ρ4)
)[
σ1(cosφ1 dθ1 − cos θ1 sin θ1 sinφ1 dφ1)
+ σ2(sinφ1 dθ1 + cos θ1 sin θ1 cosφ1 dφ1) + σ
3(sin2 θ1 dφ1)
]
. (11)
Now we perform the Penrose limit on the ten dimensional background (5) along a null geodesic
in the great circle on S3 defined by θ2 = 0, φ2 = ψ and near ρ ∼ 0, and make the following
change of variables
xi → Lxi, ρ = m0
L
r, θ2 =
2m0
L
v, φ+ =
1
2
(ψ + φ2), (12)
1The decoupling of the 4-d YM theory from the KK modes is realized in the limit eΦ0N << 1. This is
beyond the validity of the supergravity approximation which instead requires eΦ0N >> 1 in order to have small
curvatures.
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where eΦ0α′N = L2/m20. This way we get a limit for the IR of the metric in (5), of the form
ds2 = −L2dt2 + dxidxi + dr2 + r2(dθ21 + sin2 θ1dφ21) (13)
+(dv2 + v2 dφ22) +
L2
m20
dφ2+ − 2v2 dφ2 dφ+ + b r2 sin2 θ1 dφ1dφ+ +O(L−2),
where the new variables r, v have dimension of length.
To reduce the metric in a more diagonal form, let us redefine [9]
φˆ1 = φ1 +
b
2
φ+ φˆ2 = φ2 − φ+. (14)
We find
ds2 = L2[−dt2 + 1
m20
dφ2+] + dxidx
i + dr2 + r2(dθ21 + sin
2 θ1dφˆ
2
1)
+(dv2 + v2 dφˆ22)− (v2 +
b2r2
4
sin2 θ1) dφ
2
+ +O(L−2). (15)
Finally we define
x+ = t, x− =
L2
2
(t− 1
m0
φ+), (16)
and pass to the Cartesian coordinates du21+ du
2
2+ dz
2 = dr2+ r2(dθ21+sin
2 θ1dφˆ
2
1), dv
2
1+ dv
2
2 =
dv2 + v2 dφˆ22 . So, we obtain
ds2 = −2dx+dx−−m20 (
b2
4
u21+
b2
4
u22+v
2
1+v
2
2)(dx
+)2+d~x 2+dz 2+du21+du
2
2+dv
2
1+dv
2
2 . (17)
The string action on this background will thus include four massless scalars (xi and z) and
four massive ones, just as in the supersymmetric case. The only difference is in the value of
the masses of the two scalars u1, u2 which are now b-dependent. Note that the changing is
restricted to the “non-universal” sector of the theory, i.e. the one which is non determined
by the symmetries of the original background. This is expected, since the soft-supersymmetry
breaking term doesn’t change the overall topology of the metric in the far IR. As a consequence,
the main features of the field theory annulons will be the same as in the supersymmetric theory.
The Penrose limit of the 3-form gives2
G3 = −2im0dx+ ∧ [dv1 ∧ dv2 + b
2
du1 ∧ du2]. (18)
The string Hamiltonian on the above background is
H = −p+ = i∂+ = E −m0(− b
2
J1 + J2 + Jψ) ≡ E −m0 J, (19)
2It is easy to check that the background here obtained still satisfies the supergravity equations of motion, as
(g++ = 0) R++ =
1
4
(G+ijG
ij
+).
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and the momentum P+ is
P+ = −1
2
p− =
i
2
∂− =
m0
L2
(− b
2
J1 + J2 + Jψ) =
m0
L2
J, (20)
where, following the notations in [9], we denote −i∂φ1 , −i∂φ2 and −i∂ψ with J1, J2 and Jψ
respectively.
3.1 String theory on the bMN pp-wave
As the reader can see, the only difference between the results collected above and the ones
obtained in the supersymmetric case [9] amounts in replacing the parameter b with 2/3 in the
u1, u2 sector. All the calculations done in [9] for the spectrum of the bosonic and fermionic
worldsheet fields, as well as the expression for the string Hamiltonian, can be easily exported to
our case. Thus, studying the string action on the pp-wave background (17), (18), and choosing
the light-cone gauge as usual (x+ = α′p+τ), produces the following results.
Let us define m = m0α
′p+. The bosonic sector of the system is described by four massless
fields (xi, z) with frequencies ωn = n, and four massive fields (u1, u2, v1, v2) with frequencies
ωun =
√
n2 +
b2
4
m2, ωvn =
√
n2 +m2. (21)
The worldsheet fermions are instead all massive and their frequencies read
ωIn =
√√√√n2 + m2
4
(
1 +
b
2
)2
, I = 1, 2, 3, 4
ωJn =
√√√√n2 + m2
4
(
1− b
2
)2
, J = 5, 6, 7, 8. (22)
In the original metric (5) the coordinates v1, v2 represent the directions, on the 3-sphere, normal
to the reference geodesic chosen for the Penrose limit, and, together with the xi, parameterize
the so called “universal sector” [9]. The soft breaking of the MN solution does not affect this
sector, since it is determined by the deep IR symmetries of the original background, i.e. by
its deformed conifold shape. The modes u1, u2 depend on the details of the solution. They
have different (zero-mode) masses, which depend on the supersymmetry breaking parameters.
All these features will be found also in the bKS case, where the mass of the z mode too will
depend on the breaking parameters. In the bMN solution, instead, it is massless in both the
supersymmetric and the non supersymmetric case.
The sum of the squares of the fermionic frequencies above exactly matches the sum of the
squares of the frequencies of the bosonic fields order by order in n. Thus the corresponding
string-theory is finite also in the b 6= 2/3 case.
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The construction of the string Hamiltonian proceeds as in [9] and we will not repeat it
here. The only point we would like to stress concerns the evaluation of the ground state energy,
which turns out to be non zero. In fact, this string theory does not have any linearly realized
supersymmetry. In the Penrose limit of Type IIB string theories one usually encounters some
enhancement of the original supersymmetry, even when the original theory didn’t have any.
This of course does not happen in this case, because even the original unbroken theory had no
linearly realized supersymmetries. It had in fact only the ubiquitous sixteen kinematical ones,
which do not give a supersymmetric spectrum [17].
The zero point energy reads
E0(m) =
m0
2m
∞∑
n=−∞
[
4n+ 2ωun + 2ω
v
n − 4ω1n − 4ω5n
]
. (23)
We can calculate this finite sum using the Epstein function [18], defined as (see for example
[21])
F [z, s,m2] =
∞∑
n=1
[
(n + s)2 +m2
]−z
=
1
2
[(s+ 1)2 +m2]−z +
∫ ∞
1
dx[(x+ s)2 +m2]−z +
+ i
∫ ∞
0
dt
[
[(1 + it+ s)2 +m2]−z − [(1− it+ s)2 +m2]−z
e2pit − 1
]
. (24)
When m→ 0, E0 only gets contributions from the zero frequencies, so
E0 → m0
2
[|b|+ 2− 2|1− b
2
| − 2|1 + b
2
|] ≤ 0, (25)
the equality holding only for |b| = 2, which is actually excluded by the condition b ∈ (0, 2/3].
Thus, for all the allowed values of b, and actually also for the supersymmetric solution b = 2/3,
the zero-point energy is negative for m→ 0. It also stays negative for every value of m. In the
large m limit in fact, as suggested by the Epstein function and stressed in [18], the series over
n in (23) can be approximated by an integral over x ∈ (−∞,∞) and we get
E0 → −m0m
4
[
2
b2
4
log
(
b2
4
)
− 4
(
b
2
− 1
)2
log
(
b
2
− 1
)2
− 4
(
b
2
+ 1
)2
log
(
b
2
+ 1
)2]
. (26)
This depends linearly on m and thus E0 takes larger and larger negative values as m increases.
This fact could be read as a signal of the existence of non perturbative corrections to the
annulon mass spectrum.
While a negative light-cone energy can seem dangerous at first sight, in [18] it was shown
that whenever it goes, in the supergravity limit m→ 0, to a constant value independent from
p+, the theory is classically stable, no matter the sign of E0. Moreover, it is not clear what
kind of instability there could be in the dual field theory. In the present case, the field theory
by itself is surely stable in the supersymmetric case, and it was argued to be so also in the
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softly broken case [14, 15], if the value of the gaugino mass is small enough (i.e. if b is not
very different from 2/3). In the Penrose limit we are considering states in this theory which
have large mass E and large charge J . We should then see an instability in E −m0J for these
states and it is far from clear what it could be3. So we will proceed assuming that the theory
is stable, at least for small m, being aware that the situation in the interacting quantum string
theory could be different.
Finally, let us spend a few words on the thermodynamics of this string model. Since the
latter is exactly solvable, we can evaluate the string partition function at finite temperature
and search for the usual Hagedorn behavior. The calculation is standard and straightforward4,
and as usual the Hagedorn temperature is given by the zero-point energy evaluated with anti-
periodic fermions. It is given implicitly by (TH = β
−1
H )
βH = −2
√
2πα′E0
(
m0βH
2
√
2π
; 0, 1/2
)
(27)
where E0(M ; 0, 1/2) is the bMN zero-point energy E0(M) (23) evaluated with periodic bosons
and antiperiodic fermionic fields (i.e. with s = 1/2 in formula (24)). Our result differs from
the one in [23] for a finite term in E0: in fact the zero-point energy in [23] is calculated
in terms of a Casimir energy and this amounts on subtracting to the finite sum (23) the
finite term (26). However, as pointed out in [18] this choice is not justified in superstring
theory, where one has first to evaluate the physical quantities and then eventually ask for
a regularization/renormalization prescription. If the physical quantities are finite, as in the
present case happens to E0, no ad hoc subtraction is allowed.
4 The softly broken Klebanov-Strassler model
In this case it is convenient to start with the (Einstein frame) supergravity fields written in the
form [24, 16]
2−1/23−3/4ds2 =
[
cε4/3e−5q(τ)+2A(τ)dxµdx
µ + e3q(τ)−8f(τ)ds26
]
,
ds26 =
1
9
(dτ 2 + g25) +
e10f(τ)+y(τ)
6
(g21 + g
2
2) +
e10f(τ)−y(τ)
6
(g23 + g
2
4), (28)
B(2) = 2gsP
[
g(τ)g1 ∧ g2 + k(τ)g3 ∧ g4
]
, (29)
F(3) = 2P
[
g5 ∧ g3 ∧ g4 + d[F (τ)(g1 ∧ g3 + g2 ∧ g4)]
]
, (30)
3We warn the reader that in the Type 0 case [7] there is a classical instability [18], which should correspond
to an instability in ∆ − J in the dual field theory, ∆ being the conformal dimension of the operators. Also
in this case what the field theory instability would look like is unclear, being non perturbative in the effective
coupling constant [7].
4See, for example, [22].
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F(5) = 4gsP
2L(τ)g1 ∧ g2 ∧ g3 ∧ g4 ∧ g5 +
+ ∗
[
4gsP
2L(τ)g1 ∧ g2 ∧ g3 ∧ g4 ∧ g5
]
, (31)
L(τ) = [k(τ)− g(τ)]F (τ) + g(τ), (32)
where ε, the conifold deformation parameter, gives the mass scale of the theory Ms ∼ ε2/3, c
is a numerical constant and P = Mα′/4, where M is the number of fractional branes on the
conifold. We used the following basis of one-forms
g1 =
e1 − e3√
2
, g2 =
e2 − e4√
2
, g3 =
e1 + e3√
2
, g4 =
e2 + e4√
2
, g5 = e5, (33)
with
e1 = − sin θ1dφ1, e2 = dθ1, e3 = cosψ sin θ2dφ2 − sinψdθ2,
e4 = sinψ sin θ2dφ2 + cosψdθ2, e
5 = dψ + cos θ1dφ1 + cos θ2dφ2. (34)
As in the bMN case, there is no analytic form for the various functions in (28)/(32) apart from
the supersymmetric one. Nevertheless, we are interested only in the IR behavior of the fields,
which reads [16]
A(τ) = 2
3
Log(τ) + 1
6
Log(A0
32
) + a2τ
2 + . . .
q(τ) = 4
15
Log(τ) + 1
6
Log(A0 3
9
10 2−
7
5 ) + q2τ
2 + . . .
f (τ) = 1
10
Log(τ) + 1
10
Log(2
3
) + f2τ
2 + . . .
y(τ) = Log(τ) − Log(2) + Y τ 2 + . . .
φ(τ) = Φ0 + Φ2τ 2 + . . .
F (τ) = + F τ 2 + . . .
k(τ) = + Kτ + k3τ 3 + . . .
g(τ) = + Gτ 3 + . . .
The string coupling is related with the value of the dilaton in zero gs = e
Φ0 . This solution has
five free5 parameters: Φ0, Y, F, G, K. The supersymmetric solution corresponds to
Y = −1/12, F = 1/12, K = 1/3, G = 1/12, Φ0 = 0. (35)
5It is very difficult to find the range of these parameters allowing the linking of the IR with the UV asymptotic
solutions, due to the lack of precision of the numerical integration of the equations of motion. We don’t have a
complete control of these data.
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Moreover A
1/2
0 ≈ eΦ0Mα′. The remaining interesting coefficients are
a2 =
1
10
+
4
15
Y +
P 2eΦ0
A0
[−2
9
+ 16G2 − 1
3
K2],
q2 =
1
25
+
8
75
Y +
P 2eΦ0
A0
[−11
90
− 8
5
F 2 +
8
5
G2 − 7
30
K2],
f2 = − 7
200
− 13
50
Y +
P 2eΦ0
A0
[
1
10
− 8
5
F 2 − 72
5
G2 +
1
10
K2]. (36)
This is a regular, stable, non supersymmetric deformation of the Klebanov-Strassler solution,
including mass terms for the gauginos.
We are again interested in keeping the glueball masses fixed, i.e. fixed Mgb ∼ ε2/3
eΦ0/2A
1/2
0
,
while taking the Penrose limit. Thus we define
L2 =
cε4/3
A
1/2
0
, m20 =
L2
2A
1/2
0
, (37)
and we consider the limit L→∞, keeping m0 fixed. Again, the flux tube tensions are diverging
in the limit Ts ∼ M2gb(gsM) → ∞. The Penrose limit goes on exactly as in the bMN case,
choosing a null geodesics at τ = 0 and spinning on the equator of the three-sphere in the
background (28). We rescale τ → τ/L, expand the metric in powers of τ/L and ignore terms
which vanish in the L → ∞ limit. Let us first change angular variables (ψ, θ1, φ1, θ2, φ2) →
(ψ′, θ, φ, θ′, φ′) switching to a basis of one-forms ω1, ω2, ω3 related to the gi’s by [9]
g5 = sin θ cosφω1 − sin θ sin φω2 + cos θω3,
cos(ψ/2)g1 + sin(ψ/2)g2 =
1√
2
(cos θ cosφω1 − cos θ sinφω2 − sin θω3 − 2 sin θdφ),
− sin(ψ/2)g1 + cos(ψ/2)g2 = −1√
2
(sinφω1 + cosφω2 − 2dθ),
cos(ψ/2)g3 + sin(ψ/2)g4 =
1√
2
(cos θ cosφω1 − cos θ sinφω2 − sin θω3),
− sin(ψ/2)g3 + cos(ψ/2)g4 = −1√
2
(sinφω1 + cosφω2). (38)
The one-forms ωi are given by T
† dT = −dT † T = i
2
ωa σ
a, T = e
i
2
φ′ σ3 e
i
2
θ′ σ1 e
i
2
ψ′ σ3 .
The limit is realized around θ′ = 0, i.e. we rescale θ′ → θ′/L. Let us define 2φ+ = φ′ + ψ′.
The Penrose limit on the metric (28) thus gives
ds2 = −L2
[
1 + (2a2 − 5q2) τ
2
L2
]
dt2 + L2d~x2 +
1
4m20
[
4L2dφ2+ + dτ
2
+τ 2(dθ2 + sin2 θ dφ2) + (dθ′)2 + (θ′dφ′)2 − 2(θ′)2dφ′dφ+ + 2τ 2 sin2 θdφdφ+
+4τ 2(3q2 − 8f2) cos2 θ dφ2+ + 4τ 2(
1
4
+ 3q2 + 2f2 − Y ) sin2 θ dφ2+
]
. (39)
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The change of coordinates [9]
x+ = t, x− =
L2
2
(
t− 1
m0
φ+
)
, ϕ =
1
2
(φ′ − ψ′), φ˜ = φ+ φ+, (40)
v =
1
2m0
θ′ eiϕ, z =
1
2m0
τ cos θ, u =
1
2m0
τ sin θ eiφ˜, (41)
and the rescaling xi → xi/L, give a pp-wave background
ds2 = −4dx+dx− −m20[α2z2 + β2uu¯+ vv¯] (dx+)2 + d~x 2 + dz2 + dudu¯+ dvdv¯, (42)
with
α2 = (8a2 − 32q2 + 32f2) , β2 = (8a2 − 32q2 − 8f2 + 4Y ) . (43)
In terms of the free parameters we have
α2 = −8
5
− 48
5
Y +
P 2eΦ0
A0
[
16
3
− 384G2 + 8K2],
β2 = −1
5
+
24
5
Y +
P 2eΦ0
A0
[
4
3
+ 64F 2 + 192G2 + 4K2]. (44)
In the supersymmetric case we get
α2 = −4
5
+
32
9
P 2eΦ0
A0
,
β2 = −3
5
+
32
9
P 2eΦ0
A0
, (45)
which reproduce the results in [9] with
γ2 ≡ P
2eΦ0
A0
=
9
8
a1
a0
. (46)
The only difference with respect to the supersymmetric case is a change in the coefficients of
the z and u, u¯ coordinates. In the string theory it means that the masses for three world-sheet
scalars depend on the free parameters of our theory. As in the bMN case, the changing is
restricted to the “non-universal” sector of the theory.
From formulae (29)/(32) it is straightforward to verify that the RR and NSNS forms get in
the Penrose limit a very simple dependence on the free parameters, so that the complex-three
form G3 = H3 + ie
ΦF3 reads
6
G3 = −2m0e
Φ0P
A
1/2
0
dx+ ∧ [(4F du ∧ du¯+ dv ∧ dv¯) + iK(du ∧ dv¯ − du¯ ∧ dv)] . (47)
6Φ→ Φ0 in the limit.
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This is the source for the only non-vanishing component of the Riemann tensor
R++ =
e−Φ0
4
(G3)+ij (G3)
ij
+ = 8m
2
0
eΦ0P 2
A0
(16F 2 + 2K2 + 1). (48)
From the metric one obtains
R++ = m
2
0 [ 24a2 − 96q2 + 16f2 + 8Y + 2 ] = 8m20
eΦ0P 2
A0
(16F 2 + 2K2 + 1) (49)
after having used the relations (36). This is a check of the fact that the Einstein equation are
consistently satisfied. Note that in the supersymmetric case, using (35) and (46) we recover
the result in [9] R++ = 12m
2
0(a1/a0).
The Hamiltonian and light-cone momentum look the same as the supersymmetric ones
H = i[∂t +m0 (∂φ′ + ∂ψ′ − ∂φ)] ≡ E −m0J, (50)
P+ = − i
L2
m0 (∂φ′ + ∂ψ′ − ∂φ) = m0
(
J
L2
)
. (51)
There is also the additional symmetry
JA = −i(∂φ′ − ∂ψ′ + ∂φ). (52)
4.1 String theory on the bKS pp-wave
We will now study the string theory on the pp-wave background of the previous Section. The
string theory is again solvable and one could repeat the same steps in [9].
Let us define m = m0 α
′ p+ and
mz = αm, mu = βm, mv = m, mB = 4γKm. (53)
The bosonic worldsheet fields have frequencies
ωin = n, i = 1, 2, 3; ω
z
n =
√
n2 +m2z; (54)
ωu,vn =
√√√√
n2 +
(m2u +m
2
v)
2
±
√
(m2u −m2v)2
4
+ n2m2B. (55)
The fermionic ones are
ωkn =
√
n2 +
m2B
16K2
(4F + 1)2, k = 1, ..., 4; (56)
ω±,ln = |
√
n2 +
m2B
16K2
(4F − 1)2 ± mB
2
|, l = 1, 2. (57)
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Several comments are in order. Firstly, both in the broken and in the unbroken case, the sum
of the squares of the bosonic frequencies equals the one of the fermionic frequencies, allowing
the corresponding string model to remain finite, as observed in [9].
Secondly, as in the bMN case, the bosonic sector of the broken model retains the global
structure of the supersymmetric one. The fields v, v¯, with mass as in the supersymmetric
case, represent the oscillations transverse to the geodesic direction on the three-sphere of the
deformed conifold, while the modes u, u¯, z depend on the details of the solution and their
masses depend on the supersymmetry breaking parameters.
For what concerns the world-sheet supersymmetry, again it is not linearly realized. Nev-
ertheless, in the original KS case the Hamiltonian after the Penrose limit still commutes with
the original four supersymmetries of the theory. As a consequence, one finds two fermionic,
massless zero-modes, as can be checked from formula (57) for the supersymmetric values of the
parameters. On the contrary, in the bKS solution, i.e. for generic values of the parameters,
there are no null fermionic zero-frequencies, unless7
|1− 4F | = 2K. (58)
Since there are no linearly realized worldsheet supersymmetries, the frequencies of the
bosonic and fermionic fields are different and there is in particular a non vanishing zero point
energy. The ground state energy in the bKS model reads
E0(m) =
m0
2m
∞∑
n=−∞
[
3n+ ωzn + 2ω
u
n + 2ω
v
n − 4ω1n − 2ω1,+n − 2ω1,−n
]
. (59)
As in the bMN case, in the m → 0 limit it is easily evaluable, the main contribution coming
from the zero-frequencies
E0 → m0
[ |α|
2
+ |β|+ 1− 2γ|4F + 1| − γ||1− 4F |+ 2K| − γ||1− 4F | − 2K|
]
. (60)
This is a generically negative quantity. In the supersymmetric case it reads (a1/a0 ≈ 1/4)
E0 → m0
[
1
2
√
4
a1
a0
− 4
5
+
√
4
a1
a0
− 3
5
+ 1− 3
(
2a1
a0
)1/2]
≈ −0, 26m0. (61)
Thus in the limit we find a negative zero point energy also for the supersymmetric solution,
just as in the MN case. The same considerations on the stability made for the MN case apply.
In the large m limit we can approximate the sum in (59) by an integral as it was done in
the bMN case. Again it results that E0 is generically negative, linearly increasing (in absolute
value) with m. For example, in the unbroken case we find, numerically
E0 ≈ −m0m
2
0.03434. (62)
7Linking with suitable UV asymptotics of the bKS IR solutions requires K, F, G to be positive parameters.
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Just as in the bMN case it is possible to explore here the finite temperature regime in the bKS
theory. The expected implicit expression for the Hagedorn temperature has the general form
(27), where the total energy is evaluated with the same prescriptions as the bMN case, in terms
of the bKS masses and as usual with antiperiodic fermions.
5 Annulons in non supersymmetric theories
In this Section we will discuss some topics of the field theory duals of the above strings. We
will first analyze the dual to the bMN string and then briefly review the bKS case, which is
almost identical to the supersymmetric one.
5.1 The (softly broken) MN
Let’s recall that the zero-mode spectrum of the bMN string consists of 4 massless bosons,
z, xi=1,2,3, 2 bosons v1,2 of energy m0, two bosons u1,2 of energy m0b/2, 4 fermions of energy
m0(1− b/2)/2 and 4 of energy m0(1 + b/2)/2. The xi, vj sector is called the universal one, the
z, uj the non-universal one. We would like to identify the operators dual to these modes in
the field theory. These will surely be massive hadrons built with massive KK fields, since the
gauge degrees of freedom are not charged under the current J . The lowest KK modes in the
(b)MN solution are two massive complex chiral multiplets transforming in the bifundamental
representation of SU(2)l × SU(2)r and in the adjoint representation of the gauge group. We
name the four (complex) scalars of these chiral multiplets as Aij, where the two indices i, j = ±
refer to the two fundamental representations (i.e. A++ is in the fundamental of SU(2)l and in
the anti-fundamental of SU(2)r and so on). The following charge assignment will help in the
identification:
A++ A+− A−+ A−−
E m0 m0 m0 m0
U(1)l 1/2 1/2 -1/2 -1/2
U(1)J1 0 0 0 0
U(1)ψ -1/2 1/2 -1/2 1/2
J 0 1 -1 0
Recall that J = U(1)l − b2U(1)J1 + U(1)ψ. These charges are justified as follows. The masses
(“E” in the table above) are all of order m0 in the (b)MN theory. The precise coefficients are
not known in field theory, since these are the masses as computed in the dual string theory,
i.e. they are the masses at strong coupling in field theory. We will see that these values
reproduce the string theory expectations, so that they can be viewed as the string prediction
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for the masses8. The U(1)l charges are the ones described above, and the U(1)ψ charges are
the U(1)r ones, as ψ is the R-symmetry in the MN solution, precisely given by the (twisted)
U(1)r ⊂ SU(2)r. The U(1)J1 are all zero, these scalars being all uncharged with respect to the
(2-sphere) spin connection9.
Let’s make a tentative identification of the string zero modes with operators in the universal
sector. Since the geodesic used to perform the Penrose limit was on the equator of the three
sphere, it is natural to identify that direction with the vacuum of the string theory, so that we
can guess that the latter is dual to (A+−)
J acting on the field theory vacuum (A†−+ is degenerate
with A+− and there can be such fields too in the vacuum). Its energy is Jm0 and since each
constituent has J = 1, one ends up with10 H = E − m0J = 0. The oscillations transverse
to the geodesic are naturally identified with v, v¯ (v = v1 + iv2). The dual operators are then
(the insertion in the string of A+− of) A++ and A−−, which are conjugate to each other and
whose Hamiltonian is H = E − m0J = m0 − m0 ∗ 0 = m0, the value of the corresponding
string oscillators. Also these operators are degenerate with their (interchanged) conjugates.
The remaining A operators, namely A†+− and A−+, could be obtained from the vacuum with
two actions of the J current. But this transformation would be subleading in 1/J with respect
to J giving the two modes A++ and A−−, so A
†
+− and A−+ are expected to be unstable and
decay to stable modes [9]. Finally, the xi modes are interpreted as in the supersymmetric case
[9]. The hadrons we are talking about are really heavy, string-like objects, hence the name
Annulons, moving in an essential non-relativistic way in the three special directions. As such,
the motion and excitations in these directions will be just like three ordinary, flat-background
string modes, the xi indeed.
Let’s now look at the charges of the fermionic superpartners of the Aij:
ψ++ ψ
−
+ ψ
+
− ψ
−
−
E m0 m0 m0 m0
U(1)l 1/2 1/2 -1/2 -1/2
U(1)J1 1/2 -1/2 1/2 -1/2
U(1)ψ 0 0 0 0
Jsusy 1/3 2/3 -2/3 -1/3
J (1-b/2)/2 (1+b/2)/2 -(1+b/2)/2 -(1-b/2)/2
Here the lower and higher indices denote the U(1)l and U(1)J1 charges. In the (b)MN theory,
the four field theory fermions coming from the reduction from six to four dimensions are in
8Recall that the value of m0 is arbitrary in the supergravity solution, so what we mean here is that the string
theory predicts the right ratios of the hadron masses.
9This is the reason why in the N = 1 solution in the wrapped five-brane constructions there are no massless
scalars, as their U(1)twist = U(1)r is non-zero, while in the N = 2 case there are two, since for two of them the
U(1)twist = U(1)r + U(1)l is zero [25].
10We will discuss this value at the end of this Section.
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the (2,0) and (0,2) of SU(2)l × SU(2)r. Upon twisting, one of the two charged under SU(2)r
stays massless, giving the gaugino of the N = 1 theory, the other one becomes very massive.
The other two fermions are massive and give precisely the fields in the table above, hence
the U(1)l and U(1)ψ charges. The U(1)J1 charges come from the fact that these fermions are
charged under the spin connection. Finally, these fermions have all masses equal to the ones
in the supersymmetric case. While this could not have been the case, since we have broken
supersymmetry, it turns out that the identification with the string states is straightforward.
Moreover, it is likely that the difference in mass between bosons and fermions is of order 1/J ,
thus it is not seen in the Penrose limit.
The spinor ψ++ has H = m0 −m0 ∗ (1 − b/2)/2 = m0 ∗ (1 + b/2)/2. In the same way one
reads that the same result holds for ψ¯−− , while ψ
−
+ and ψ¯
+
− have H = m0 ∗ (1− b/2)/2. We see
that we have in a row the four string fermionic modes with energy m0 ∗ (1 + b/2)/2 and four
with energy m0 ∗ (1− b/2)/2.
For what concerns the non universal sector, i.e. the fields z, u1, u2, the identification is not
so straightforward. There are many KK states in the theory which could account for these
modes, but since we don’t have a completely definite proposal, we won’t go further in this
sector.
Finally, let’s comment on the value of the vacuum state Hamiltonian as found above, namely
zero. It is not the value predicted by the string theory. In the latter case, as we have seen, the
vacuum energy has a negative value, with a linear dependence on the parameter m = m0α
′p+
in the large m limit. This is the limit in which the dual field theory should be effectively weakly
coupled. Then the string theory predicts a value for H which is zero perturbatively in the field
theory effective coupling constant, but which has corrections in inverse powers of this coupling.
The situation is very similar to the Type 0 case [7] in spirit but not in practice. There, the
vacuum energy in the twisted sector was negative but exponentially vanishing in the large m
regime, allowing for the use of the perturbative expansion for the field theory calculations of the
anomalous dimensions. Here, instead, the “non perturbative” corrections are power-like and
large. As for the Type 0 case, we don’t have a field theory explanation for this behavior, which
would involve the estimation of some kind of non perturbative contribution in the effective
coupling constant for the annulons, i.e. in the large energy, large J regime. We leave this
interesting subject for future investigation.
5.2 The (softly broken) KS
Let’s consider now the (b)KS case and briefly recall what can be said about the correspondence
between the string modes and field theory hadrons [9]. The KS model is dual, in the regime
we are considering, to a N = 1 SYM theory with gauge group SU(M), reached after a cascade
of Seiberg dualities from a theory with gauge group SU(N + M) × SU(N), bifundamental
chiral multiplets and a superpotential. The SU(M) gauge theory is coupled to many fields
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coming as products of the duality cascade. Among the many vacua of the theory there are
the ones in which mesonic fields Nij , i, j = 1, 2, acquire mass. These are the right fields to
look at since they carry the right charges under the currents J and JA introduced in Section 4,
while, for example, the gauge fields are uncharged under them. Under (J ,JA), N11 has charges
(1, 0), N22 has charges (−1, 0), while N12 and N21 have charges (0, 1) and (0,−1) respectively.
Then, the most natural candidate for the string ground state is the operator11 (N11)
J acting
on the field theory vacuum, since it is uncharged under JA, which represents the directions
orthogonal to the geodesic used in the Penrose limit, and, if we suppose that the Nij-meson
mass is exactly m0, it has zero
12 Hamiltonian H = E − m0 ∗ J = 0. The value m0 for the
mass of the mesons can be seen as the string theory prediction in the strong coupling regime of
the field theory. The two modes transverse to the geodesic, v, v¯, are naturally identified with
the mesons charged under JA, namely N12 and N21, which are in fact conjugate to each other.
They have H = m0 −m0 ∗ 0 = m0, the value predicted by the string. The N22 field, instead, is
believed to be absent in the large J limit, just like A−+ in the bMN theory. Finally, the three xi
directions give again the non relativistic motion of the annulons in the three special directions.
The universal sector is then very similar to the (b)MN one also from the field theory point of
view. In particular, it is not affected by the supersymmetry breaking, so that we can repeat
the above identifications verbatim in the bKS theory.
The fermionic and the non universal sectors are quite non-trivial to identify even in the
supersymmetric case, not to talk about the five parameter dependent bKS theory. But in
the case of the fermionic superpartner of N11, called ψ11 in [9], we have a prediction for the
mass from the string theory. In fact, in the supersymmetric case it is associated with the two
fermionic zero-modes of the string theory, since its J , JA quantum numbers and its mass are
the same of N11, giving H = 0 again. In the softly broken theory we can recognize these modes
as the ones in (57), with Hamiltonian H = m0γ||4F − 1| − 2K|. Since the J , JA quantum
numbers of ψ11 are not changed by the supersymmetry breaking, we conclude that its mass
is modified, as expected, and it is equal to m0[γ||4F − 1| − 2K| + 1]. In particular, the “flat
directions” with K = |4F − 1|/2 give the same mass as in the supersymmetric case, restoring
the bosonic/fermionic degeneracy for this modes. As in the bMN case, this degeneracy in the
broken theory is likely to be an accidental feature of the large J limit and it is expected to be
absent if the subleading contributions in 1/J are considered.
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